This paper numerically demonstrates the drafting, kissing and tumbling (DKT) phenomenon between two interacting circular, impermeable particles with same diameter (D) but with different densities in a confined medium using Immersed Boundary (IB) method in two-dimensions.
Introduction
Particulate flows involves interaction of a dynamically evolving fluid and solid suspended particles. Particulate flows are encountered in a wide range of natural phenomena and industrial processes. The paper focusses in the gravitational setting or sedimentation problem in a viscous, Newtonian fluid, in which the suspended solid particles have large enough mass so that they settle under their own weight. Sedimentation occurs in many applications, such as fluidization, flow of pollutants in river and atmosphere, mineral or processing etc.
An important aspect of particulate flows is interaction between fluid and particle and as well as between particles and which is very important for accurately predicting the flow behaviours. There is a well known phenomenon in particle suspension flows wherein pair of particles interact and undergo the process of 'drafting, kissing, tumbling' (often abbreviated as DKT). The phenomenon of DKT has been well established experimentally [1, 2] , numerically. [3, 4] The physical justification of the phenomenon is discussed in section 3.
There are number of factors which influence the sedimentation of two particles. Some of them are particle density, shape of the particle and surface properties. But in most of the cases, the size and density of the particle plays a pivotal role in real engineering problems. Most of the numerical studies of interaction between two sedimenting particles have been so far for two equally sized and equal density particles. [3] [4] [5] [6] Too much attention has not been made till date to study the effect of density difference on the hydrodynamics of two interacting sedimenting particles. Sedimentation of particles with same size but different density was studied experimentally. [7] , [8] Settling of two particles with different densities in a vertical channel was studied using the Lattice-Boltzmann method in. [9] The main aim of the paper was to study the settling behaviours of the two particles under the influence of the Reynolds number $Re$ and the density difference between the particles. This paper focusses on studying the dynamics of two interacting circular particles in two dimension (which corresponds to an infinite cylinder in three dimension) for the case when the two particles have same diameter (D) but different density. This paper is an extension of [3] where the interacting particles were of the same density. The numerical approach adapted by the paper is the "original' Immersed Boundary (IB) method which is best suited for applications in the low Reynolds number regime. It was developed by Peskin [10, 11] in 1972 to study blood flow interacting with 'heart' valves. The details of the methods are well documented in. [3] The organization of this paper is as follows. Section 2 lists the governing equations of the related problem. The section also defines the problem geometry and the forces to simulate the presence of settling particles as well as the channel walls. Section 3 of this paper reports the results obtained by performing numerical simulations between two interacting sedimenting particles of same size but different densities.
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Governing Equations and Problem Geometry
This section lists the governing equations and problem geometry. For detailed description of the governing equations and numerical algorithm of the IB method refer to. [3] 
Governing Equations
The paper now reports the set of governing equations for this sedimentation particle problem for the case when the density of the immersed structure (ρ s ) is close to density of the surrounding fluid (ρ f ), i.e. Δρ = ρ s − ρ f « ρ f .
The motion of the incompressible, viscous fluid is described by the Navier-Stokes equations.
(1) (4) where the terms q, X(q, t), F IB (q, t), δ(x), Γ, M (q, t), represents dimensionless IB parametrization, location of the structure, IB force density, Cartesian product of two 1D Dirac delta function, moving structure, added La-grangian mass density due to Γ, unit vector in the vertical direction respectively. The structure immersed in fluid is assumed to move with the fluid and is represented by the following equation. (5) The next subsection discusses the problem geometry.
Problem Geometry
The problem setup for the sedimentation problem is captured in Figure 1 . A rectangular fluid domain of dimensions L x × L y is considered. In the fluid domain, two vertical channel walls are placed and they are separated by a distance W < L x from each other. In the IB frame work, fluid domain is doubly periodic. Due to periodic boundary conditions, the channel walls connect to each other across the top and bottom boundaries. are aligned vertically along the channel centreline. The initial vertical distance between the two settling particles is kept as 2D except for the section where the paper has investigated the effect of initial vertical distance between two sedimenting particles.
Numerical Results
This section investigates the interaction between two sedimenting circular par-ticles of same size but different density. In the problem set up, two circular particles of same diameter but different densities are initially located along the channel centreline one above the other (Refer Figure 1 ). There is a well known phenomenon called Drafting-KissingTumbling (DKT), observed when a pair of particle undergo when they interact with each other. [1] [2] [3] [4] [12] [13] [14] The physical justification of the phenomenon is documented in. [3] Now the paper will report the results obtained by performing numerical simulations between two interacting sedimenting particles for the case when the sedimenting particles are of different densities but same diameter. The authors of the paper will like to emphasize that the earlier work done by researchers [7] [8] [9] for different particle density problems did not focusses on the DKT behaviour of the particles. Here the emphasis has been given to study the drafting, kissing tumbling process of two particles.
variable, Δρ T,L , defined as:
The desired value of Δρ T,L , is obtained by fixing the density of the heavier particle at 1.01 [g/cm 3 ] and by adjusting the density of the lighter particle accordingly. For the first set of simulations, the density of the trailing particle (ρ T ) is chosen to be greater than (ρ L ) i.e. Δρ T,L > 0 (referred to as Case 1) and in the second set of simulations, it is the viceversa i.e. Δρ T,L < 0 (referred to as Case 2). For both the set of simulations, |Δρ L,T | has been varied in the range [0.003, 0.008]. For Case 1, ρ T is fixed at 1.01 [g/cm 3 ] and in Case 2, the density of the leading particle which is chosen to be larger than the trailing particle is kept fixed at 1. . Also, as Δρ T,L increases, the kissing phase decreases. The result is physically justified also. It is a well known fact that the settling velocity of a heavier particle is more than that of a lighter particle provided the other material properties of the two particles are identical. So, after they tumble, the heavier particle moves faster than the lighter and they keep on separating and the interaction force between the two particles becomes so weak that they do not experience any other phase of Parameter value units (in CGS)
Two sedimenting circular particles with same diameter (D) but with different densities
This particular section of the paper deals with the problem setup shown in Figure 2 , wherein a pair of particles with same diameter (D) has been released along the centreline with their centre of mass separated vertically by a distance two times the diameter of the particles. The Table: 1, lists all the values of the physical parameters used for the simulations for this particular section. ] is pictured in Figure 3 . For this particular case, the two particles undergo DKT only once. Till t ≈ 2.5s the two particles draft towards each other but they remain along the channel centreline. Near t ≈ 3s, they start drifting towards the right channel wall. The drifting of the lighter particle (initially leading particle) is more than the heavier particle (initially trailing particle) towards the right wall. At around t ≈ 4s, they tumble and the heavier particle that was initially trailing ends up in the leading position and then ] in a detailed way (Figure 4 ) . The trajectory for this case suggests two cycles of DKT. Till t ≈ 2.5s, the two particles settle down along the channel centreline. From t ≈ 3s onwards, the particles starts drifting towards the left wall. The drifting of the lighter particle(initially leading particle) is more than the heavier particle (initially trailing particle). Near t ≈ 4s, the first tumbling occurs and it is also evident from the figure 2 where the vertical separation distance becomes negative. After that the two particles starts drifting towards the centreline and eventually moving towards the right wall and the second tumbling occurs at t ≈ 6s. After the second DKT phase, the lighter particle (initially leading particle) observes when a particle is near the left wall it experiences a clockwise rotation while the direction of rotation is reversed near the right wall. The angular velocity plot for Δρ T,L = 0.004 [g/cm 3 ] is shown in figure 5 . From t ≈ 3s till t≈4.5s start drafting towards left wall, it is clear from angular velocity plot that both the particles experience a clockwise rotation during this time period. Since, the lighter particle is more closer to the left wall than heavier one therefore the angular velocity of lighter particle is several orders of magnitude larger than the heavier one. As mentioned ] again drifts towards the left wall and eventually slowly again drafting towards the centreline. But on the other hand, heavier particle does not show much of wobbling around the centreline. In nutshell, the lighter particle shows more dynamic behaviour while settling. The paper further earlier, the lighter particle along with the heavier particle then drifts towards the right wall, so both the particles experience anticlockwise rotation. In nutshell, for Δρ T,L > 0, the heavier particle will experience more gravitational force and hence will have higher velocity as compared to the lighter particle. However, in this case since the heavier particle is the trailing particle initially, it will keep pushing the leading particle (which is the lighter one in this case) until as asymmetry separates them causing tumbling.
The paper will like to draw attention to one of the facts that when two particles of same diameters (D) kiss each other then the vertical distance between the centres of two particles should be 'D'. So, for this case it is should be 0.08 [cm] . On the other hand, the plot suggests that the two particles approaches quite close to each other but never touch each other and they are at a distance ≈ 0.11 [cm] . The reason for the following fact is as follows. The numerical simulation [15] show that when using the cosine delta function, the effective thickness of an immersed boundary is approximately 1.6 h x (≈ 1.6h y ), where h x (≈ h y )is the fluid grid spacing. Consequently, a particle with diameter 'D' should have an effective diameter, D eff ≈ D + 3.2h x . In this case, D eff ≈ 0.10656. The plot also suggests the same. Now, the paper focusses its attention for the case Δρ T,L < 0 i.e. density of the trailing particle (ρ T ) is smaller than the density of the leading particle (ρ L ). In other words, initially the lighter particle is trailing and the heavier particle is in the leading position. ], in this case the particle experience DKT once. this case starting from t ≈ 4s till t ≈ 8s. The plateauing is due to the pressure difference experienced by the leading particle. To further elaborate the pressure contour plots during the time periods from 4 to 8s (during which the plateau is observed) were investigated ( Figure 10 ). It was found that the heavier particle (initially leading) is on the border of high pressure and lower pressure zones. Since, the higher pressure zone is located below the particle, the downwards movement of the heavier particle (initially leading) will be slowed down. On the other hand, the lighter particle (initially trailing) does not experience not so much pressure gradient and its descest is unrestricted. Therefore, the pressure field stagnates the separation between the two particles.
The paper wraps up this subsection, by presenting a table which reports the terminal settling velocity and Reynolds . From the beginning, the heavier particle (initially leading) accelerates faster than the lighter particle (initially trailing) which results in increase in vertical separation between the particles with time. Till t ≈ 6.5s, they settle along the channel centreline. After t ≈ 6.5s, the lighter particle drifts towards the right wall and the heavier particle continues settling along the channel centreline. The angular velocity plot (Figure 8 ) for this case demonstrates when the lighter particle approaches the right wall it experiences an anticlockwise rotation and as far as the heavier particle is concerned it settles more or less along the centreline, therefore it does not experiences any rotation as such.
The paper will now like to discuss the settling dynamics of the particles Δρ = −0.003[g/cm 3 ] shown in Figure 9 .
The two particles initially settle along the centreline and experience drafting and kissing phase till t ≈ 4s. Upon further investigation on the trajectories of both the particles it was observed that asymmetry triggers the horizontal movement of the two particles in the opposite direction. Both the particles approach the two different walls at around t ≈ 4.5s and then they return towards the channel centreline. After that, the heavier particle, which in this case is the leading particle, travels more vertical distance than the lighter particle. Figure 6 indicates a plateau for number of the two particles. In this paper, the Reynolds number refers to a Reynolds number that is based on the vertical velocity after a particle has reached its terminal The following facts can be concluded from Table 2 :
• For a constant ρ f , D, µ as the density of a particle increases its terminal settling velocity increases. For example: for Δρ T,L > 0, the density of the lighter particle (initially leading) is minimum for Δρ T,L = 0.008 and maximum for Δρ T,L = 0.003. Accordingly, magnitude of v L of the lighter particle (initially leading) is minimum and maximum for Δρ T,L = 0.008 and Δρ T,L = 0.003 respectively.
• For a constant ρ f , D, µ, the Reynolds number(Re) is proportional to terminal settling velocity.
In the next subsection, the paper will investigate the effect of the initial vertical distance between two sedimenting particles.
Effect of the initial vertical distance between two sedimenting particles
This subsection of the paper will like to investigate whether the initial vertical distance between the leading and trailing particles plays an important role in the settling dynamics of the two particles or not. For this section, the density difference between the two interacting particles is chosen equal to -0. 
Conclusion
The main aim of this paper was to study the DKT process of two sedimenting particles in a bounded medium using original Immersed boundary method. In particular, the paper has considered the case, when the two particles are initially located one above the other are of same sizes but different densities. Two different scenarios were considered to study this particular problem, namely, Case 1 and Case 2. The results obtained clearly indicates that particle density plays important role in the hydrodynamic interaction between the two particles. The results obtained are physically justified. The convergence studies done suggested that the implementation of the IB method is close to the expected first-order accuracy in space. The emphasis of the present study was to validate the general IB approach in the study of particle sedimentation involving particles of different densities. The author of the paper leave it as future work, the implementation of higher order extensions
Convergence Study
The paper performed a convergence study for the case Δρ = 0. . The settling velocity of the particles was chosen as representative for determining convergence rate. For both density differences, the difference between values of the settling velocity of the initially trailing particle (V T ) was calculated on successive grids. Similarly, it was done for initially leading particle (V L ) and also the same analysis has been done for the average settling velocity of the two particles i.e. 0. ] are shown in Figure 12 and Figure 13 respectively. From the plot, it is evident that as grid spacing is reduced, the numerical solution converges. The curves obtained are almost a straight line on a log-log scale for all cases considered here and slope lies in the range [0.8518, 0.9534]. to the algorithm. In future, a comprehensive investigation on the dynamics of interactions between two particles in three dimensions will be conducted for different density differences. Also a study along will be done to investigate the interaction between two sedimenting particles of different sizes but with same density in two dimensions.
